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Abstract. We study relations between finite-dimensional representations of 
color Lie algebras and their cocycle twists. Main tools are the universal en- 
veloping algebras and their FCR-properties (finite-dimensional representations 
are completely reducible.) Cocycle twist preserves the FCR-property. As an 
application, we compute all finite dimensional representations (up to isomor- 
phism) of the color Lie algebra sij- 



1. Introduction 

The generalizations of Lie algebras and Lie superalgebras introduced in [RW] 
and systematically studied in [Scl], crossed over from physics to abstract algebra. 
Nowadays they are known as color Lie algebras. 

Throughout i^T is a field of characteristic zero and L is a color Lie algebra over 
K . Two associative if-algebras may be associated to L, the universal enveloping 
algebra and the augmented enveloping algebra (see 2.7). 

The category of representations of L is equivalent to the category of U{L)- 
modules. Together with U{L) the augmented enveloping algebra U{L) appears 
naturally, the latter is a Hopf algebra containing U{L) as a subalgebra. 
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An associative -ftT-algebra A is an FCR-algebra, following [KS] and [KSW], if 
every finite-dimensional representation is completely reducible and the intersection 
of its annihilators of all the finite-dimensional representations is zero. Classical 
examples of FCR-algebras are finite-dimensional semisimple algebras, the univer- 
sal enveloping algebra U{g) of a finitc-dimcnsional semisimple Lie algebra g, the 
quantum enveloping algebras Uq{g) with q not a root of unity, and the universal 
enveloping algebra W(osp(l, 2r)) of the orthosymplectic Lie superalgebra osp{l, 2r) 
(references for these facts are in the Introduction and Theorem 2.13 of [KiS]). 

It is then natural to ask which color Lie algebras L are such that U{L) and U{L) 
are FCR-algcbras. We provide a partial answer to this question in this note. We 
restrict attention to finite-dimensional color Lie algebra L graded by a finite abelian 
group G. The main observations are 

Theorem 1.1. Let L be a finite- dimensional G-graded e-Lie algebra for a finite 
abelian group G. Then we have 

(1) . If L'^ is a cocycle twist of L, thenU{L'^) is an FCR-algebra if and only ifU{L) 

is an FCR-algebra. 

(2) . U{L) is an FCR-algebra if and only ifU{L) is an FCR-algebra. 

It follows immediately from Theorem 1.1 (1) that cocycle twists of a finite- 
dimensional semisimple Lie algebra have FCR-property for their universal envelop- 
ing algebras and augmented enveloping algebras. 

The paper is arranged as follows: Section 2 contains some preliminaries on color 
Lie algebras; Section 3 is devoted to the notion of cocycle twists of color Lie algebras, 
which turns out to coincide with the cocycle twists of graded associative algebras 
(Theorem 3.5). In Section 4 we prove some results on FCR-algebras (e.g. Theorem 
4.2), and apply these to show Theorem 1.1. Section 5 contains the computation 
of all finite-dimensional representations of a specific color Lie algebra s?2> which 
is a cocycle twist of the simple Lie algebra sl{2,K) for K an algebraically closed 
field(see Example 3.3 and Theorem 5.2). 

2. Preliminaries 

Throughout we will work over a field K of characteristic zero. All unadorned ten- 
sor products are over K. By a noetherian algebra we mean a two-sided noetherian 

if-algebra. 

2.1. Let us recall some basic facts on color Lie algebras ([Scl]). Suppose that 
G is an abelian group with the identity element e, and e : G x G — > is an 
antisymmetric bi-character, i.e., 

e{g,h)e{h,g) = 1, 
e{g,hk) = e{g,h)e(g,k), 
e{gh, k) = e{g, k)e{h, k), 

for all g,h,k G G, where = K \ {0} is the multiplicative group of units in K. 
In particular, we note that e{g,g) = 1 or —1, g G G. 
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By a G-graded e-Lie algebra L (or a color Lie algebra), we mean that L = 
(Bg^cLg is a graded space over K, equipped with a bilinear multiplication 

{-,-): LxL — >L 

such that 

{Lg,Lh) C Lgh (gradation condition); 

{x,y) = —s{g,h){y.x) (color symmetry); 

e{k, g){x, {y, z)) + e{g, h){y, (z, x)) + e{h, k){z, {x, y)) = (color Jacobi identity), 
for all X G Lg, y G and z G Lk, where g, h,k G G. 

For example, if G = Z2 and e{a,[3) = (—1)"'' for all a,(3 G G, then G-graded 
£-Lie algebras are exactly Lie superalgebras ([Sc2]); if e is trivial, i.e., e{g,h) = 1 
for all g,h gG, then G-graded £-Lie algebras are known as G-graded Lie algebras. 

An element a; € L is said to be homogeneous of degree g if x G Lg, and in this 
case, we write |a;| = g. So the gradation condition implies that |(a;,y)| = |a;| • \y\ 
for homogeneous elements x and y in L (here, the dot denotes the multiplication 
in G). 

Recall that a representation (V, p) of a G-graded £-Lie algebra L is just a linear 
map p : L — > Endx(V^) such that 

P{{x, y)) = p{x)p{y) - £{g, h)p{y)p{x), 

for all X G Lg, y G Lh and g, h G G. 

A representation {V, p) is said to be graded, iiV = (BgecVg is a G-graded space 
such that 

for all the homogeneous elements x G L and g G G. In the present paper, we will 
not restrict ourselves to graded representations. 

2.2. e-symmetric algebras Ss{X) 

Let X be a finite set. The set X is said to be labelled by an abelian group G, if 

there is a map | • | : X — > G. Let e : G xG — > _K'^ be any bilinear form. Then the 
e-symmetric algebra S£{X) on X ([Section 4.B, Scl]) is an associative iiT-algebra 
generated by elements in X subject to relations 

xy = s{\x\,\y\)yx, 'ix,y G X. 

A well-known fact is 

Lemma 2.3. The e-symmetric algebra Ss{X) is noetherian. 

Proof Use induction on the order \X\ of the set X. If \X\ = 1, say X = {x}, 
then Se{X) = k[x] if s{\x\, \x\) = 1; Se{X) = k[x]/{x'^) if e{\x\, \x\) 1, both of 
which are clearly noetherian. 

Assume that x gX and X' = X \ {x]. By induction A^iX') is noetherian. Let 
Ox be the automorphism of A^{X') given by 

a,(y) = e{\x\, \y\)y, Vy G X' . 
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Denote by A£{X')[t;ax] the Ore extension oi Ae{X') ([MB], p. 15) with respect to 
the automorphism ax, where Hs a variable. By [Theorem 1.2.9, MB], As{X')[t; ax] 
is noetherian. 

Note that there is an epimorphism of algebras 

Tr:A,{X')[t;ax]^S,{X) 

such that 7r(t) = x and 7r(?/) = y, y G X'. It follows that Ss{X) is noetherian. ■ 

2.4. Universal enveloping algebras U{L) 

Let L be a G-graded e-Lie algebra as in 2.1. Recall that the universal enveloping 
algebra U{L) oi L \s defined to be 

U{L)=T{L)/J{L) 

where T(L) is the tensor algebra of L and J{L) is the two-sided ideal generated 

hy x®y — s{g, h)y ^ x — {x, y) for all x e Lg, y E Lh and g, h £ G. 

Note that if L is trivial, i.e., (L, L) = 0, then U(L) ~ S^{X), where the set X is 
a homogeneous basis of L labelled by the degrees of these elements in L. 

Write the canonical map ih '■ L — > U{L). Note that U{L) is a G-graded asso- 
ciative algebra such that «l is a graded map of degree e. For theory on G-graded 
rings, we refer to the book [NV2]. 

Obviously here is an equivclcnce between the category of representations of the 
color Lie algebra L and the category of W(L)-modules. Also graded representations 
of L correspond exactly to graded W(L)-niodules (note again that hi{L) is a G- 
graded algebra). So the question we consider in the introduction can be re-stated 
as: which color Lie algebras have enough finite-dimensional representations and all 
of these being completely reducible. 

A remarkable fact is that the Poincare-Birkhoff-Witt theorem holds for the al- 
gebra U{L) of any color Lie algebra L, see [Theorem 1, Scl] or [Section 3, Hu]. For 
later use, we quote it as 

Proposition 2.5. Let L be a G-graded e-Lie algebra with the universal envelop- 
ing algebra U{L), then the canonical map ih is injective. Moreover, if {xi}i^A 
is a homogeneous basis of L, where A is a well-ordered set, then the set of or- 
dered monomials basis ofU{L), where ij < ij+i and ij < ij+i if 
\xi- 1) = -1, 1 < j <n and n = 0, 1, • • • . 

A direct consequence is 

Corollary 2.6. If L is a finite- dimensional G-graded e-Lie algebra, thenU{L) is 

a noetherian algebra. 

Proof By [Section 4.C, Scl], we see that U{L) is a positively filtered algebra with 
its associated graded algebra grU{L) ~ Se{X), where X is a set of homogeneous 
basis of L and is labelled by the degrees of the basis elements in L. It follows from 
Lemma 2.3 and [Theorem 1.6.9, MB] that U{L) is noetherian. ■ 
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2.7. Augmented enveloping algebras U{L) 

Let us recall the notion of an augmented enveloping algebra U{L) oi the G-graded 
£-Lie algebra L: as a vector space U{L) := KG (8) U{L), where KG is the group 
algebra of G. The multiplication is given as 

{g ® x) ■ {h ® y) := e{\x\,h)gh xy 

where g,h € G and x,y G U{L) are homogeneous. (Note that U{L) = (BgeG^{L)g 
is a G-graded algebra). One sees that contains W(L) and KG as subalgebras. 

The algebra U{L) is a Hopf algebra with coalgebra structure maps A, e and 
antipode S given by 

^{9)=g^g, A{x) = l^x + x^h 

e(,9) = l, e(x) = 

S{g)=g-\ S{x)^-xh-\ 
where g & G and x € L^. (See [Hu] or [Kha].) 
Wc have 

Proposition 2.8. Let L be a G-graded s-Lie algebra. If L is finite- dimensional 
and G is a finite group, then U{L) is a noetherian Hopf algebra. 

Proof Since h{{L) is a free left and right W(L)-module of finite rank, and 1({L) is 
noetherian by Corollary 2.6, it follows immediately that U{L) is a noetherian left 
and right U{L)-module, so it is a noetherian algebra. ■ 

3. Cocycle Twist 

In this section, we study cocycle twists of color Lie algebras, which turn out to 
correspond to the cocycle twists of G-graded associative algebras, see Theorem 3.5. 
We also offer an explicit example of a color Lie algebra 5/2- 

3.1. Let us recall the notion of a cocycle twist of a color Lie algebra as given in 
[Scl] (also see [RW]). Let c : G x G — > K^ be a cocycle on the abelian group G 
with trivial action of G on K, i.e., 

(3.1) c{g, h)c{gh, k) = c{h, k)c{g, hk), 
for all g,h,k G G. Define 

Bc{9,h) = ^^^, yg,h€G 
c{h,g) 

which is a bilinear form of G, see [Kar] . 

Let L = ©ggfjLg be a G-graded e-Lic algebra. Fix a triple (c, cf), e'), where c is a 
cocycle oi G, cf) : G — > G' is a morphism of abelian groups, and e' is bi-character 
of G' such that 

(3.2) s{g, h)c{g, h) = c{h, g)e'{cl){g), <j>ih)). 

The cocycle twist ([Section 6, Scl]) of L with respect to the triple (c, e'), 
denoted by L^, is defined as follows: 
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c{g,h)c{k,gh), 



(1) . L'^ — L as K-spacea; L'^ is G'-graded by setting = (B^(g)^g'Lg for all 

9' e G'. 

(2) . Define the bracket (— , — )'^' on L'^ as 

{x,yy ~ c{g,h){x,y}, 
for all X e LgC L'^^^^y y € C L^^^^ and g,h€G. 

Lemma 3.2. With notation as above, L" is a G'-graded s'-Lie algebra. 

Proof Wc have to check the three axioms in the definition of color Lie alge- 
bras. The gradation condition of L'^ holds (since </> is a morphism); and the color 
symmetry follows from the equation (3.2). 
What is left is the color Jacobi identity, i.e., 

e'{cb{k), 0(.g))(x, {y, zfY + e'{m, m){y, (z, xYY + e'{^{h),cb{k)){z, {x^vYY = 
for all X e Lg C ^^(g), y & C L^^^f^y z&LuQ and g,h,k e G. 

By the definition of (— , and the color Jacobi identity of L itself, it suffices 
to show 

£MiiMc(/.,^)c(,,/.fc) = ^^^l^cik,g)cih,kg) 
e(k,g) e{g,h) 

_ 6'{m,m) 

s{h, k) 
for all g,h,k £ G. 
By (3.2), we have 

s'{<f>{k),<t>{9)) _ c{k,g) e'{<i>{g),m) _ c{9,h) 

e{k,g) c{g,k) e{g,h) c{h,g)' 

So the first equality follows from 

^?^'f', c{h,k)c{g,hk) = '^^^'^\ c{k,g)c{h, kg). 
c{g,k) c{h,g) 

Now apply c{k, g)c{h, kg) = c{h, k)c{hk, g) at the right side of the above equation, 
we obtain that the first equality follows exactly from 

c{h,g) _ c{k,g) ^ c{hk,g) 

c{9, h) c{g, k) c{g, hk) ' 

which is just the bilinearity of Be (see 3.1). Similarly, one can show the second 
equality. This completes the proof. ■ 

Let us consider an example of cocycle twist, which will be studied further in 
Section 5. For more examples of cocycle twists, see [RW] and [Scl]. 

Example 3.3. Assume that K is algebraically closed. SI2 = sl{2,K) is the three- 
dimensional simple Lie algebra over with stardard basis {e, h, /} such that 

[h,e]=2e, [ej]=h, [hj] = -2f, 

where [— , — ] denotes the Lie bracket of SI2. 

Put ai = |(e — /), a2 = —^{e + f) and as = |/i (where i"^ = —1) in sh. So 

[ai, 02] = -as, [^2, as] = -ai, [as, ai] = 02. 
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Assume that G = Z2 x Z2. So SI2 = (BgecXg is a G-gradcd Lie algbera, with 

-^(0,0) = 0, ^(1,0) = Kai, -'^(0,1) = Ka2, -'^(i,!) = Kas. 
Let c be a cocycle of G given by 

c((ai,a2),(/3i,/32)) = (-ir''^ 

for all ai,a2,/3i,/32 G ^2- 

Take G' = G, (p = Id and the bi-character e' of G' = G to be 

e'((ai,a2),(/3i,/32)) := 

for all ai,a2, (3i, l32 G Z2. Clearly the equation (3.2) holds (here the e is trivial). 

Denote by s?2 the cocycle twist of 5/2 with respect to the triple {c,Id,£'). By 
Lemma 3.2, SI2 is a G-graded e'-Lie algebra. The algebra SI2 has a homogeneous 
basis {01,02,03}, with degrees given by 

|ai| = (l,0), |a2| = (0,l), |a3| = (l,l). 

By definition of the cocycle twist, we obtain that the bracket (— , — ) in sZg is given 
by: 

(ai, a2) = 0,3, (n2- 0.3) = «!, (0-3, ai) = 0,2- 

In other words, the universal enveloping algebra U{sl2) is generated by 01,02,03 
with relations 

ai02 + 0201 = 03, 
0203 + 0302 = Ol, 
0301 + 0103 = 02, 

which is a G-graded associative algebra, with |oi| = (1,0), I02I = (0, 1) and jaaj = 
(1, 1). Note that this algebra and its representations appear in [Appendix, RW], 
[OS] and [GP]. 

3.4. We will show that cocycle twists of color Lie algebras in 3.1 coincide with 
the well-known notion of cocycle twists (e.g., see [AST]) of associative algebras, see 
Theorem 3.5. 

Let G be an abelian group and A = ©ggc^g be a G-graded associative K- 
algebra. For any cocycle c of G, the cocycle twist of A with respect to c, denoted 
by A'^, is defined as: A'^ := A as G-graded spaces; the multiplication " o " on A" is 
given by 

x'^oy'' ■.= c{g,h){xyy, x'^&Al^y&Al, 
where a"^ denotes the element in A'^ which corresponds to a G A. 

For example, if A = KG is the group algebra with the natural grading by G, 
then KG'^ is exactly the twisted group ring with respect to the cocycle c ([NV2], 
p.l2). 



The main result of this section is 
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Theorem 3.5. Using notation as in 3.1 and the above, we have an isomorphism 

where U{L) is considered as a G-graded algebra and U{LY its cocycle twist with 
respect to c. 

Proof Identify L as a subspace of U{L), hence a subspace of U{L)^. We claim 
that there is an algebra morphism 

such that &{x) = x'^ for all x G L'^. (Note that L'^ = L as vector spaces.) 
By the definition of U{L'^), it sufiices to check that 

Q{x) o @{y) - e'{cj>{g), mMv) ° ^i^) = ©((a:, y)"), 
for all X G Lg C i^^^^ and y & L^C. L'^^f^y where " o " denotes the multiplication 
oiU{LY and (-, the bracket of L". 
In fact, 

e(x) o 9(2/) - e'{m,mmy) o e(x) 

= x''oy--e'{4>{9)A{hMox^ 

= c{g, h){xyr - e'{m, mMK g){yxr 

= c{g, h){xyY - c{g, h)e{g, h){yxy 

= c{g, h){{x,y)y 

= Q{{x,yn 

(The fourth equality uses the fact that xy — e{g,h)yx — {x,y) in U{L); the last 
one follows from the definition {x,yY = c{g, h){x,y).) So we have shown that the 
algebra morphism G is well-defined. 

Clearly 9 is surjective, since U{LY is generated by the image 9(L'^) as an asso- 
ciative algebra. 

To show that 9 is injective, let {.Ti}igA bo a set of homogeneous basis of L (hence 
of L'^) with A wcU-ordcred, then by Proposition 2.5, the monomials Xi-^Xi^ ■ ■ -Xi^, 
ij < ij+i and ij < ij+i whenever e' {(j){gj),(j){gj)) = -1, where Xj € Lg. C L^^f^g.^ 
(1 < j < n), forms a basis of U{L'^). 

Note that e{g,g) = e'{(l){g),4>{g)) by equation (3.2). In particular, s{g,g) = 1 if 
and only if e'((f>{g),(t){g)) = 1. So again by Proposition 2.5, the set of the images 
of these monomials, i.e., {^{xij^Xi^ '''^^in)}) is linearly independent in U{LY, it 
follows that 6 is injective. This completes the proof. ■ 

4. FCR-algebras cind Proof of Theorem 1.1 

In this section, we will prove several results on FCR-algebras, from which The- 
orem 1.1 follows. 

4.1. Let Af, be a ii'-algebra and G a group acting on as algebra automorphisms, 

and let c : G X G — > i^^ be a cocycle. Recall that the crossed product ([NV2], 
p. 11) Ae *c G is just a free Ag-module with basis G, where G = {g\g G G} is a copy 
of G as a set, and its multiplication is given by 
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(a * 5) • (& * h) := c{g, h)a{g.h) * gh, 
for all g,h G G and a,b G A,,. (We denote by "." the G-action on A^.) 

Recall a notation (e.g., see [NVl], p77): let A be an algebra and B C A a 
subalgebra, and let M be a left S-module. Then A 0s M becomes a left A- module 
defined by 

a.a' ®Bm:= aa' 03 m 

for all a, a' € A and m G M, where a0B m is viewed as an element of A^b M. 
Moreover, if Af is a finite-dimensional i3-module and j4 is a finitely-generated right 
B-module, then A (E)b M is also finite-dimensional. 

We need the following result. 

Theorem 4.2. Let G be a finite abelian group and A^ a noetherian K-algebra. 
Suppose that A = A^^cG is a crossed product as above, then A is an FCR-algebra 
if and only if A^ is an FCR-algebra. 

Proof We may assume that c(g,e) = c{e,g) = 1 for all g G G. (Otherwise, 
replace c by -^^^f^, note that for a cocycle c, c{g, e) = c(e, h) for all g,h G, see 
the Appendix.) Identify A^ as a subalgebra oi A = A^ *cG by sending a to a * e 
for all a G Ae, and view G as a subset of A by identifying g with 1 * ^ for all g G G. 

For the "if part, assume that Ae is an FCR-algebra. Let be a finite- 
dimensional A-module with a submodule V. So W is also an Ae-module with 
the Ae-submodule V. Since Ae is an FCR-algebra, in particular, every finite- 
dimensional A-module is completely reducible. So ^ is a direct summand of W as 
^e-modules. In other words, there exists an >le-module morphism 

such that Pe\v = Idy- 
Define p : W — > V as 

p{w) •= p I] c(g^g-i) gpe(g^w), yw € w. 

We claim that p is an A-module morphism. 

Note that A is generated by Ae and the set G as an associative algebra. So it 
suffices to show p{aw) 
w G W. We have 

p{aw) 



ap{w) and p{hw) = hp{w), for all a G Ag, h G G and 
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and 

= hp{w). 

where the last equality uses the following identity 

c{g,9 ^)c{h,h ig) c{h ^g,g ^h) 

which will be proved in the Appendix. So we have proved that p is an yl-module 
morphism. 

Clearly p\v = Idy So as A-modules W = V (B Ker(p), i.e., every submodule V 
of is a direct summand, equivalently, is a completely reducible A-niodule. Till 
now we have proved that every finite-dimensional A-module is completely reducible. 

Let a = J2gGG dg *g he a nonzero element in A, where each Ug € A^. Assume 
that ah =/= for some h E G. Since A^ is an FCR-algebra, in particular, for every 
nonzero element b of Ag, there is a finite-dimensional ^e-module on which b acts 
nontrivially. So there is a finite-dimensional ^e-module, say W, such that there 
exists some w G W with ahw ^ 0. Consider W' := A (E)a^ W, which is a finite- 
dimensioanl left >l-module (see the notation in 4.1). Note that 

o.(l (E>A^ w) = ^ag *g.l (^a^ w 

= ^c{g,g-'^)g^A, {agw), 
geG 

which is nonzero, since a^w ^ and {cj\g G G} is a basis of A as an ^g-module. Con- 
sequently, the intersection of the annihilators of all finite-dimensional >l-modules is 
zero. This completes the proof that A is an FCR-algebra. 

For the "only if " part, assume that A is an FCR-algebra. First note that it 

suffices to show the case where is a splitting field of G. 

Assume that F is a finite-dimensional splitting field (see [DK]) of G which con- 
tains K and assume that the " only if " part holds when K = F. Write Ap = A^kF 
and Ae,F = F, then Ap and A^^f are F'-algebras. Moreover, we have 

Ap = Ae^p *c G. 

By [Proposition 3(2), KS] Ap is an FCR-algebra over F. By the above assumption, 
Ae^p is an FCR-algebra, and so is A^, again by [Proposition 3(2), KS]. 

Now we can assume that K is a. splitting field of G, so KG ~ K x ■ ■ ■ x K 
(|G|-copies). Denote G* = {x\ X ■ G — > is a group morphism} to be the 
dual group of G, the order of which is |G|, and xid) = 1 for a.11 x G G* if and only 
if 5 = e in G. 
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There is a G*-action on A given by 

XM*g:=x{g)a*g, \la £ A^, g & G,x & G* . 

Obviously the invariant subalgebra A'^ is exactly A^. Note that A is noetherian, 
since it is a free ^e-module of finite rank and A^ is noetherian. Now applying 
a result of Kraft and Small ([Proposition 1, KS]), we obtain that A,, is an FCR- 
algebra. This completes the proof. ■ 

4.3. Let G be an abelian group and c a cocycle on G. Then the twisted group ring 
KG'' = (BgecKug has multiplication given by 

Ug-Uh = c{g, h)ugh. 

Note that KG'' is a cocycle twist of the group algebra KG (see 3.4). 

As an application of Theorem 4.2, we have 

Proposition 4.4. Let A = (BgeG^g be a G-graded algebra where G is a finite 
abelian group, and let be the cocycle twist of A (see 3.4j. Assume that both A 
and A" are noetherian. Then A is an FCR-algebra if and only if A" is an FCR- 
algebra. 

Proof For a homogeneous element a of A (or A^), write \a\ for the degree of a. 
There is a G-action on A" as algebra automorphisms given by 

c[\aug) 

for all homogeneous elements a" G A'' and g € G. (Here a" denotes the correspond- 
ing element in A'^ of a G A, see 3.4.) Note that B^. (see 2.1) is bilinear, so the above 
action is well-defined. With this action and the cocycle c, we define the crossed 

product A" *c G. 

Define a map * : *c G — > KG'' ® A by 

*(a'' *5) c{\a\,g)u\a\g ® a 

for all homogeneous elements a" G A" and g G G. Clearly \1/ is bijective with the 
inverse given by 

1 

~9y 



* ^iug(g)a)^—————T—a''*\a\-'^g. 



We claim that ^ is an algebra map, hence an isomorphism. Then if A is an FCR- 
algebra, so is KG" (g) A by [Proposition 3(1), KS]. Via the ismorphism "if, apply 
Theorem 4.2, we get that A" is an FCR-algebra. Conversely, note that {A")" = A, 
so if A" is FCR then A is FCR, as required. 

To see that ^ is an algebra map, note that in A" *c G, 

a" *g - b" *h = c{g, h)a'' o [g.b") * gh 

= c{g,h)c{\a\M{a{g.h"))*^ 

= c{g,h)c{\a\,\b\f^£^^{abr*-^, 

where "o" denotes the multiplication in A'^ and g.h" denotes the G-action on A". 
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So 

*(a= *g-b^*h) = £|^Mc(g, h)c{\a\, \b\)c{\a\\b\,gh)ui^in,\gh ® ah. 

On the other hand, 

^{a" *g) ■ ^{b" *h) = c{\a\,g)c{\b\,h)c{\a\g,\b\h)ui^imgh^ ab. 

So the fact that 5* is an algebra map, i.e., ^{a'^ *g) ■ ^{b" * h) = ^{a'' *g ■ b" * h), 

follows from the following identity 

(4.2) c(.g,|6|)c(.9,/i)c(|a|,|6|)c(|a||&|,.g;i)=c(|6|,.g)c(|a|,.g)c(|&|,/i)c(|a|5,|6|M, 
which will be proved in the Appendix. So this completes the proof. ■ 

Remark 4.5. If G is a finite abelian group and c a cocycle of G, then we have that 
A is noetherian if and only if A'^ is noetherian. 

Recall a fact: if i? = (Bg^cRg is a noetherian G-graded algebra, then is also 
noetherian. 

In fact, if A is noetherian, so is KG'^ (8) A. Therefore A° *c G is noetherian via 
the isomorphism ^. Note that A'^ * G = (Bg^aA'^ * ^ is a G-graded algebra with 
the e-th component A'^. Applying the above fact, we get that A'^ is noetherian. 
Conversely, just note that {A'^y = A, i.e., A is a cocycle twist of A'^ by c~^. 

4.6. Let A = (BgecAg and B = (Bg^cBg be G-graded algebras. Let e be a bilinear 
form on G. Then the £-tensor product ^4®'^^ of A and B is known as 

A^'B = ®g,heGAg O Bh 

with multiplication 

a O 6 • a' (g) 6' := e(|6|, \a'\)aa' ig) bb' 

for all homogeneous elements a,a' G A and b, b' G B. So we have the following 
result, which can be viewed as an analogon of [Proposition 3(1), KS]. 

Proposition 4.7. Assume further that G is a finite abelian group and A<S: B is 
a noetherian algebra. If A and B are FCR-algebras, then A^^B is also an FCR- 
algebra. 

Proof Note that the usual tensor product A<S: B is a. G x G-graded algebra with 
the decomposition of vector spaces as 

A(S)B = ®(g,h)eGxG^s 8) Bh. 
Define a cocycle c on G x G as 

c{{g.h). {g',h')) ■.= e{h,g') 

for all g, g' , h, h' e G. So we have the cocycle twist (^4 (g) B)^ oi A^ B. 
An observation is that 

A^'B ~ (A (g) B)", 

sending a (g 6 to (a (g by (where (a g) by denotes the elements of {A g) BY, see 3.4). 
Now the results follows from Proposition 4.4 and Remark 4.5. ■ 
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4.8. Proof of Theorem 1.1 

(1) . Note that by Corollary 2.6 and Remark 4.5, U{L), U{L'') and U{LY are 
noetherian. Now (1) follows directly from Theorem 3.5 and Proposition 4.4. 

(2) . There is a G-action on the augmented enveloping algebra U{L) given by 

g.x := e{g, h)x, Mx e U{L)h, g, h e G. 

With this action and the trivial cocycle of G, which will be denoted by 1, we can 
define the crossed product U{L) *i G. 

Note that the following map is an algebra isomorphism: 

$ : U{L) — > U{L) *i G 

where <I>(g ® x) = e{g, \x\)x * 'g, for all homogeneous elements x G U{L) and g E G. 
(Recall that U{L) is a G-graded algebra, see 2.4, and |a;| denotes the degree of x.) 
Clearly $ is bijective, and so it suffices to show that $ is an algebra map. We have 

^{{g O a;) • (/i O y)) = ^{s{\x\, h)gh xy) 

= e{\x\, h)s{gh, \xy\)xy * gh 

= e{g,\xy\)e{h, \y\)xy * gh. 

And 

$(fif (g) x) ■ (8> 2/) = e{g, \x\)e{h, \y\) {x*g)-{y* h) 

= e{g,\x\)e{h,\y\) x{g.y) * gh 

= £{9, \x\)£{h, \y\)e{g, \y\) xy * gh, 

where x,y G U{L) are homogeneous elements and g,h € G. So we obtain that 
^{{g x) • (/i (g) yj) = ^{g (g) x) ■ <i?(/i €5 y), i.e., $ is an algebra map. 

Now the result follows directly from Theorem 4.2. This completes the proof of 
Theorem 1.1. ■ 

5. The color Lie algebra 

In this section, we will study the finite-dimensional representations of the color 
Lie algebra SI2 (see Example 3.3), which is a cocycle twist of the Lie algebra SI2 = 
sl{2, K). The field K is assumed to be algebraically closed of characteristic zero. 

5.1. Recall that s/2 is a G-graded e-Lie algebra, where G = Z2 x Z2 and 

£((ai,a2),(/3i,/32)) = (-l)"^^^-"=''^ 

for all Q!i,a2,/3i,/32 G ^2. A homogeneous basis of SI2 is given as {01,02,03} such 
that |oi| = (1,0), I02I = (0,1) and las] = (1,1). 

The bracket of sl^ is given by 

(oi, 02) = 03, (02, as) = oi, (03, oi) = 02. 

As we see in Example 3.3, s/2 is a cocycle twist of s/2 with respect to the triple 
(c, Id, e), with the cocycle c given as 

c((ai,a2),(/3i,/?2)) = (-l)"^''^ 
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for all ai,a2, (3i, (32 S ^2- By Theorem 1.1 (1), the algebra ^(.sZj) is an FCR- 
algebra, in particular, every finite-dimensional U{sl2)-modulc is completely re- 
ducible. Now we aim to compute all the finite-dimensional simple l/{{sl2)-i'iodu\es 
(up to isomorphism). 

First list some finite-dimensional simple Z//(s^2)-modules, equivalently, simple 
representations of as follows: 

(1) V^: is an n-dimensional simple U{sl2)-niodule with basis {ei, • • • , e„}, 
where a = (ai, 0:2) and cti, a2 S {1, — !}• 
The Zi(s^2)-action is given by 

(-IV-1 

ai.ej = ai ((2n - j)ej+i - (j - l)ej_i), 1 < j < n - 1; 

ai.e„ = ai (a2ne„ - (n - l)e„_i); 

O'2-ej = -^((2n - j)ej+i + {j - l)ej_i), 1 < j < n - 1; 

a2-e„ = -^(a2"e„ + {n - l)e„_i); 
(-1V 

a^.ej = ai—^{2n-2j + l)ej, 1 < j < n, 
where we understand eo = 0. 

(2) W"': is an n-dimensional simple ZY(s/2)-module with basis {ei,--- ,e„}, 
where n is odd. 

The Z/^(sl2)-action is given by 

(-ly-i 

ai-ej = ^ ((n - j)ej+i - (j - l)ej_i); 

a2.ej = -^(("- - i)ej-M + {j - l)ej-i); 
(-ly' 

for all 1 < j < n , where we understand eo = e„+i = 0. 
Our main result of this section is 

Theorem 5.2. The color Lie algebra SI2 has exactly four non-isomorphic simple 
representations of even dimension n; five non-isomorphic simple representations 
and of odd dimension n. 

5.3. To show Thoerem 5.2, we need the following result. 

Proposition 5.4. There exists an algebra embedding F : U{sl2) — > M2{U{sl2)) 
given by 
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where {e,f,h} is the standard basis of sh as in Example 3.3, and M2{U{sl2)) is 
the algebra of full 2x2 matrices with entries from U^sh)- 

Moreover, via the embedding T, M2{U{sl2)) is a free U{sl2)-m,odmle of rank four. 

Proof Keep notation as in 5.1. Write KC = (BgeG^^Ug to be the twisted group 
ring. First note that there exists an isomorphism F : KC^ — >■ M^iK) defined by 

"(0,0)^ !)'«(i,o)^(? _°i ) '^^(1,1) ^ ( _°i j)- 

Consider T to be the composition 

U{sll) ~ U{shf ^ U{sl2f *c G ~ KCi^Uish) 

^^"^ M2{K)®U{sl2) ^ M2{U{sl2)), 

where is the isomorphism in Theorem 3.5; i{x) = x *~ for all x £ ^(.sZg) (e is 
the unit of G); the isomorphism \1/ is defined in the proof of Proposition 4.4; and 
F is just given as above. 

Note that in U{sl2) (and U{sl2Y), we have oi = |(e — /), 02 = + /) 

and 03 — (i^ = "!)• A direct computation gives the embedding T. (wo will 
omit the details.) And clearly, M2{U{sl2)) is a free ZY(sZ2)-module of rank four via 
the embedding F, since U{sl2Y *c G is a free W(s?2)°-module of rank four. This 
completes the proof. ■ 

5.5. Recall that the unique n + 1-dimensional simple representation V{n) of the 
Lie algebra sh (e.g., see [Hum]), is given by 

e.Vj = (n - j)vj+i, h.Vj = (n - 2j)vj, f.vj = jvj-i, 

where {vq, wi, • • • , w„} is a basis of V{n) and < j < n (Assuming v-i = w„+i=0). 

Consider K"^ (g) V{n) to be a left module of M2{K) ®U{sl2) ^ M2{U{sl2)), where 
K"^ is a left M2(-ft')-module in the obvious sense. Let eo, ei be a standard basis of 
the space K'^ and put 

Vk,j = efc Vj, 

where A; e Z2 and < j < n. So {vk,j\k G Z2, < j < n} is a basis of ® ^('^)- 

Using the embedding F in Proposition 5.4, we obtain that there is an induced 
Z//(sZ2)-action on K"^ ® ^("•) defined as follows: 

a-2-Vk,j = -^{-lYiin - j)vk,j+i +jvk,j-i), 

aa-Vkj = |(-l)'°(n - 2j>fe+i,j, 
for all e Z2 and < j < n. (Note that k is in Z2, i.e., 1 + 1 = 0.) 

We have the following observation. 
Lemma 5.6. View (E> V{n) as an lA{sl2) -module as above. Then 

(1) . ® V{n - 1) ~ VF" ® VF" n is odd; 

(2) . K"^ (g) V{2n - 1) ~ V(7_i) e V^^ _^^ V^":^ .^) © ^(-1,-1) integer n > 1. 



16 XIAO-WU CHEN, SERGEI D. SILVESTROV AND FRED VAN OYSTAEYEN 

Proof (1) Assume that n is odd. Take {vkj} to be a basis of (8) V{n — 1) as 
above, and define 

Uj = vo,j + i{—iy~^^vij and u'j = voj + i{—iyvij 

for all < j < n — 1, and let U and U' be the subspaces spanned by {uj} and {u'j} 
respectively. So we have 

K'^^V{n-l) = U® U' 

as ZY(s^2)-inodules. 

Moreover, U ~ W"' by sending Uj to e^+i, Q < j <n — l]U' ^ by sending u'^ 
to Bn-j, < j < n — 1 (here we use that fact that n is odd). So the decomposition 
follows. 

(2) As in (1), wc define Uj and u'^ for < j < 2n — 1 in K"^ ® V{2n — 1), and 
the W(sZ§)-submodules U and U' . Still we have K"^ ® V{2n -l) = U®U'. 
Set 

Wj^+ := Uj + U2n-j-i and := Uj — U2n-j-i 

for all < j < n — 1. Let U+ and U- be the subspaces of U spanned by {wj^+} 
and {wj,-} respectively. Then we get 

U = U+®U- 

as ZY(s^2)-moduIes. 

Moreover, U+ ~ V^" by sending Wj^+ to Cj+i, 0<ji'<n — l;C/_~ V^'^' by 
sending wj^- to e^+i, < j < n — 1. 

Similarly, we can prove that U' ~ V^" ^ ® F^" ^ _-^y This completes the proof 
of Lemma 5.6. ■ 

5.7. Proof of Theorem 5.2 

First note that all the listed ZY(s/2)-inodules and W" in 5.1 are simple and 
pairwise non-isomorphic. 

On the other hand, let be a finite-dimensional simple U{sl2)-module. Via 

the embedding T in Proposition 5.4, U{sl2) is a subalgcbra of M2{U{sl2)) and 
M2(U{sl2)) is a right free Zi(s^2)-modulc of finite rank. Write 

W := M2(W(sZ2)) 1^, 

which is a finite-dimensional M2(^Y(s?2))-niodule (see the notation in 4.1). 
Consider the map 

t:W — >W' 

such that t{w) = 1 ^u(si^) w for all w G W. Clearly t is injetive and it is an 
W(s^§)-modulc morphism. Since ^(s^j) is an FCR-algbera (see 5.1), is a direct 

summand of W' as W(s/2)"™odulcs. 

Recall a well-known fact: let A be an associative K-algebra and M2{A) denotes 
the algebra of 2 x 2 mtrices with entries from A. Then for any left M2(j4)-module 
M, there is an ^l-module A'' such that M ~ K'^ ® N . 

Apply this fact to the M2(Z//(s^2))-module W . So there exists a finite-dimensional 
ZY(sZ2)-module V such that (g) y ~ W' . Write V = ®V{ni) as the decompostion 
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of W(s/2)-niodules for some non- negative numbers rn. So we get 

W ~ O Vim) 

as M2(W(si2))-inodules. Consequently, is a direct summand of OK^ <E) V{ni) as 
W(s/2)-™odules. Now applying the decompositions in Lemma 5.6, we see that W 
is among the list of and W"^. This completes the proof. ■ 

6. Appendix 

In this section we will give the detailed proofs of the identity (4.1) and (4.2), 
which arc direct consequences of the cocycle condition (see the equation (3.1)). 
However it seems that there is no exact reference. 

Throughout G will be a finite abelian group with identity elementt e and c : 
G X G — > a cocycle, i.e., 

c{g, h)c{gh, k) = c{h, k)c{g, hk), Vg, h,k gG. 

We denote the above equation by {g, h, k). 

6.1. By {g, e, e) and (e, e, h), we get 

c{g,e) = c{e,h) ^ c{e,e), Vg,heG. 

By {h,h-'^,h), i.e., 

c{h, h-^)c{e, h) = c{h-^,h)c{h, e), 
we get c{h,h~^) = c{h~^,h) for all h £ G. 

6.2. The identity (4.1) is equivalent to 

c{g-\h)c{h-^g, , g-'^h) = c{h, h-^g)c{g, 5"^), Vg, h G G. 

In fact 

c{g~'^,h)c{h~'^g,g~'^h) = c{h~'^g,g~'^)c{h~'^,h) (use {h~^g, g~^ ,h)) 

= c{h-^g, g~^)c{h, h'^) (use c{h, h'^) = c{h-^, h)) 
= c{h, h~^g)c{g, 5"^) (use {h, h~^g, 5"^)). 

This proves the identity (4.1). 

6.3. For the identity (4.2), 

c(5, \b\)cig,h)c{\a\, \b\)c{\a\\b\, gh) 

= c{g, \b\)c{g, h)c{\b\, gh)c{\a\, \b\gh) (use (|a|, \b\,gh)) 

= c{g,\b\)c{\b\,g)c{\b\g,h)ci\a\,\b\gh) (use {\b\,g,h)) 

= c{\b\,g)c{\b\,h)c{g,\b\h)c{\a\,\b\gh) (use \b\g = g\b\ and {g,\b\,h)) 

= c{\b\,g)c{\b\,h)c{\a\,g)c{\a\g, \b\h) (use \b\gh = g\b\h and (|a|,5f, \b\h)). 

This completes the proof. 
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